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Abstract. For a standard Artinian fc-algebra A = R/I, we give equivalent 
conditions for A to have the weak (or strong) Lefschetz property or the strong 
Stanley property in terms of the minimal system of generators of the generic 
initial ideal gin(7) of / under the reverse lexicographic order. Using the equiv- 
alent condition for the weak Lefschetz property, we show that some graded 
Betti numbers of gin(J) are determined just by the the Hilbert function of I 
if A has the weak Lefschetz property. Furthermore, for the case that A is a 
standard Artinian fc-algebra of codimension 3, we show that every graded Betti 
numbers of gin(/) are determined by the graded Betti numbers of / if A has 
the weak Lefschetz property. And if A has the strong Lefschetz (resp. Stan- 
ley) property, then we show that the minimal system of generators of gin(/) is 
determined by the graded Betti numbers (resp. by the Hilbert function) of /. 



1. Introduction 

Let J be a homogeneous ideal of the polynomial ring R = k[xi, . . . , x n ] over a 
field fc. Throughout this paper, we use only a field k of characteristic 0. After 
Froberg [7] introduced the conjecture about the Hilbert series of generic algebras, 
it is one of the remarkable problems under which condition A = R/I has the weak 
(or strong) Lefschetz property, which will be explicitly defined in Definition 12.21 
Recently, many authors achieved some results on this problem. Watanabe |15| 
showed that "most" Artinian Gorenstein rings with fixed socle degree have the 
strong Lefschetz property(Cf. |14|L In particular, it was proved by Watanabe that 
any generic Artinian Gorenstein fc-algebra has the strong Lefschetz property. And 
Harima, Migliore, Nagel and Watanabe ^U] showed that A has the strong Lefschetz 
property if I is any complete intersection ideal of codimension 2, and has the weak 
Lefschetz property if / is any complete intersection ideal of codimension 3. But it 
remains as an open problem whether any complete intersection Artinian fc-algebra 
A has the weak Lefschetz property or not in higher codimension case. 

In this paper, we study Lefschetz properties and the strong Stanley property 
in the view point of generic initial ideals. We begin Section 2 with definitions 
of the weak (or strong) Lefschetz property and the strong Stanley property of 
A = R/I. Then we introduce some results of Wiebe who firstly investigated the 
Lefschetz properties in the viewpoint of generic initial ideal. Wiebe |TBJ proved that 
A = R/I has the weak (resp. strong) Lefschetz property if and only if R/gm(I) 
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has the weak (resp. strong) Lefschetz property, where gin (J) is the generic initial 
ideal of / with respect to the reverse lexicographic order (see Proposition ^. 7JI . And 
he (or she) gave an equivalent condition for A = R/ 1 to have the weak Lefschetz 
property in terms of the graded Betti numbers of gin(J) (see Proposition 12. 8|l . We 
will give another equivalent conditions and compute the graded Betti numbers of 
gin(/) more precisely. To do so, we introduce the first reduction number and the 
minimal system of generators of gin(7) in section 2. 

In section 3, we give equivalent conditions for A to have the weak Lefschetz 
property (Proposition 13.411 . the strong Lefschetz property (Theorem 13. 7|l . and the 
strong Stanley property (Theorem 13. 101) . respectively, in terms of the minimal sys- 
tem of generators of gin(7). And, as a result of Proposition ^. 41 we show that some 
graded Betti numbers of gin(/) can be computed just from the Hilbert function of 
/ (Corollary E1J). 

If we restrict ourselves to the case R = k[x\, X2, X3], then we can obtain more 
information on the minimal system of generators of gin(7) from the Hilbert function 
or the graded Betti numbers of R/I. In section 4, under this restriction for i?, we 
show that if R/I has the weak Lefschetz property, then the minimal generator T's 
of gin(7) with max(T) < 2 are uniquely determined by the graded Betti numbers of 
R/I (Proposition 14. 51) . Together with Corollarv l3.5l this implies that every graded 
Betti numbers of gin(I) can be computed from the graded Betti numbers of /. And 
if R/I has the strong Lefschetz property, then we show that the minimal system 
of generators of gin(/) is uniquely determined by the graded Betti numbers of R/I 
(Proposition ^. 6|) . At last we show that if R/I has the strong Stanley property, then 
the minimal system of generators of gin(J) is uniquely determined by the Hilbert 
function of R/I (Proposition I4.8fl . 



2. Preliminaries 

Let R = k[x±, X2, • ■ ■ , x n ] be the polynomial ring over a field k. For a homoge- 
neous ideal I and a linear form L in R, we have the multiplication map 

(2.1) xL ! : (R/I)d -» (R/I)d+i, 

for each i > 1, d > 0. 

Definition 2.1. A standard graded Artinian k-algebra A = R/I is said to have the 
weak (resp. strong) Lefschetz property if there exists a linear form L, called a weak 
(resp. strong) Lefschetz element, such that the multiplication in $2.1\ has maximal 
rank for each d and i = 1 (resp. for each i > 1). 

Consider the exact sequence induced by xL ! 

- ((/ : V)/I) d - (R/I) d -^U [R/I)d+i -» (R/(I + L l )) d+l -> 0. 

If the multiplication xL l has maximal rank, then either ((I : L l )/I) d or (R/(I + 
L l )) d+i must be for each d. 

There is more stronger property that a standard Artinian fc-algebra may have. 
That is the strong Stanley property named by Watanabe in the paper |15j , though 
it was originally called as the hard Lefschetz property. 
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Definition 2.2. A standard graded Artinian k-algebra A = R/I — @* =0 At, where 
t = max{i | Ai ^ 0}, is said to have the strong Stanley property if there exists a 
linear form L G R such that the multiplication map xL'" 2 ' : Aj — > A t -i is bijective 
for each i — 0, 1, ... , [t/2]. In this case the element L is called a strong Stanley 
element. 



From the following exact sequence 
(2.2) -> ((/ : i*- 21 )//), - (R/I)i ♦ (R/I) t -i -> (fl/(J + L*- 2i ))t- 4 - 0, 



we can see that A = R/I has the strong Stanley property if and only if (I : L f 2% \ — 
Ii and R t - t = {I + L^ 21 )^ for all i = 0, 1, . . . , [t/2]. 

Remark 2.3. A standard Artinian fc-algebra A = R/I has the strong Stanley 
property if and only if A has the strong Lefschetz property and the Hilbert function 
of A is symmetric. 

In this paper, we will investigate those properties in the viewpoint of the generic 
initial ideal of / with respect to the reverse lexicographic order. The notion of a 
generic initial ideal originates with the following theorem of Galligo in [5]. 

Theorem 2.4. [S] For any multiplicative monomial order r and any homogeneous 
ideal I C R, there is a Zariski open subset U C GL n {k) such that initial ideals 
xn T (gI) are constant over all g £ U. We define the generic initial ideal of I, 
denoted by gin T (/) 7 to be 

gin T (7) := m T {gI) 

for g £ U. 

The most important property of generic initial ideals is that they are Borel-fixed. 
In characteristic case, note that a monomial ideal / is Borel-fixed if and only if / 
is strongly stable: i.e., if T is a monomial, 

X{T £ I => XjT £ /, Vj < i. 

For a monomial ideal /, we denote by Q{I) the minimal system of generators of 
/, and by Q{I)d the set of minimal generators of / of degree d. For a monomial T 
of R, we set 

max(T) = max{i | X{ divides T}. 

Eliahou-Kervaire Theorem gives us an easy way to compute the graded Betti 
numbers of a stable monomial ideal / of R. 

Theorem 2.5 (Eliahou-Kervaire). jH] Let I be a stable monomial ideal of R. Then 
the graded Betti number fl q ^(I) = dim^ Tor^(7, k)i of I is given by 

MT)= £ ^x(T)-^ 
for each integers q and i. 



q 



Wiebe studied the Lefschetz properties in the view point of generic initial ideals, 
and obtained the following results. 

Lemma 2.6. |16j If R/I is an Artinian ring such that I is Borel-fixed, then the 
following conditions are equivalent: 

(1) R/I has the weak (resp. strong) Lefschetz property. 
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(2) x n is a weak {resp. strong) Lefschetz element on R/I . 

Proposition 2.7. 16 Let R/I be a standard Artinian k-algebra, and gin(i) the 
generic initial ideal of I with respect to the reverse lexicographic order. Then R/I 
has the weak {resp. strong) Lefschetz property if and only if R/gin{I) has the weak 
{resp. strong) Lefschetz property. 

Consider the following exact sequence 

- ((gin(7) : <)/gin(I)) d -> {R/gm{I)) d {R/gm{I)) d+l 

^(R/{gm{I)+xi)) d+i ^0. 

Then we can see that R/I has the weak (resp. strong) Lefschetz property if and 
only if either (gin(I) : x l n ) d = gin{I) d or R d+i = (gin(7) + x l n ) d+l for each d and 
i = 1 (resp. for any i > 1). 

The following proposition is an equivalent condition for R/I to have the weak 
Lefschetz property in terms of the graded Betti numbers of gin(7). 

Proposition 2.8. 16 Let R/I be a standard Artinian k-algebra, and gin(J) the 
generic initial ideal of I with respect to the reverse lexicographic order. If d is the 
minimum of all j £ N with /3„„i ! „_i + j(gin(/)) > ; then the following conditions 
are equivalent: 

(1) R/I has the weak Lefschetz property. 

(2) ^ n _i, n _ 1+J (gin(7)) = /3 0)J -(gin(7)) for all j > d. 

(3) /3 M+J -(gin(I)) = ( n T 1 )/3 0j (gin(/)) for all j > d and all i. 

In Proposition ^. 41 we will give another equivalent condition for R/I to have the 
weak Lefschetz property. And we give a tool to compute the graded Betti numbers 
of gin(7) from the Hilbert function of R/I, if R/I has the weak Lefschetz property, 
in Corollary 13. 51 For these, we need the notion of reduction numbers. 

Definition 2.9. If I is a homogeneous ideal of R with dim R/I = s, then we define 
the i-th reduction number of R/I to be ri{R/I) = min{i | dinifc(i?/(/ + Ji))t+i = 0} 
for i > s, where Ji is an ideal generated by i general linear forms in R. 

The following theorem implies that reduction numbers of R/I and i?/gin(7) are 
the same, if we use the reverse lexicographic order. 

Theorem 2.10. |11| For a homogeneous ideal I of R, i/gin(7) is a generic initial 
ideal of I with respect to the reverse lexicographic order, then 

n{R/I) = n {R/gin{I)) = min{( | x*+_\ £ gin(J)}. 

In what follows, we will use only the reverse lexicographic order as a multiplica- 
tive monomial order. Suppose that / is a homogeneous ideal of R such that R/I is 
a Cohen-Macaulay ring with dim R/I =n — r. In the paper jjj], £/(gin(/)) is com- 
pletely determined by the positive integer f± and functions fi : Z> — > Z>o U {oo} 
defined as follows: 

^ fx = min{t | x\ £ gin(/)} and, 

fi(ai, ■ ■ .,c*i-i) =min{i | x" 1 ■ ■■x^ 1 x t i £ gin(/)}, 
for each 2 < i < r. 
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Lemma 2.11. [j^] Let ft, . . . , / r be defined as in \2.4\ - For 2 < i < r, suppose that 
at, . . . , cti-i are integers such that < at < ft and < aj < fj(at, ■ ■ ■ , otj—i) for 
each j <i — l. Then we have 

(1) < fi(at, ■ ■ • ,ai-t) < oo, 

(2) ■■■x«i- 1 1 x{ iiai -' ai - l) eg(gm(I)), and 

(3) if 1 < j < i — 1 and aj > 1, then 

fi(ai, ...,aj,..., ai-i) < Mai,. . . , a ■ - 1, . . . , - 1. 

For 1 < i < r - 1, let 

< ai < /i, and for each 2 < j < i, 
<aj < fj(at, ■ ■ ■ , Oj-i) 



(2.5) J, = |(ai,...,aO 
and let 

(2.6) g {.'•{ r (.'•',' •••.'•;' ; <' " ' 



(ai, . . . , ai-t) € Jj-i, 
for 2 < i < r 

Proposition 2.12. 3 Let ft,...,f r be defined as in \2.4l - Then the minimal 
system of generators of gin(J) is Q in 



Remark 2.13. (1) Let 1 < i < r— 1 and (at, . . . , a^) £ Z> Q . Then (at, ■ ■ ■ , 

belongs to if and only if x" 1 ■ ■ ■ x" i xf^_ + 1 1< ' Ql ' '"' a, ' > is an element of C?(gin(/)) 
and < /i+i(ai, . . . , a*) < oo by Lemma \2. Ill (1). 

(2) If (ai, . . . , ai) G Ji, then the element (0, . . . , 0, |a|) S Z> belongs to Ji, 

where |a| := J2]=i a j- I n particular, \a\ < fi(0, . . . , 0) — 1. 

Proof. By the definition of Ji, it is enough to show that |a| < /i(0, . . . , 0). 
If \a\ — 0, then the assertion follows, hence we may assume that \a\ > 1. 
Suppose to the contrary that \a\ > fi(0, . . . , 0). Then £ gin(7). Since 
gin(7) is strongly stable, x" 1 ■ ■ ■ x"' £ gin(7). This contradicts to (1). □ 

(3) Let (at, . . . , a 8 , . . . , at, . . . , «i) € Ji, 1 < i < r — 1. If a s > 1, then 
fi + t(at, . . . ,a s , . . . ,a t , ■ ■ ■ ,ai) < fi+t(at, ■ ■ ■ , a s - 1, . . . , a t + 1, . . . , ai), 
since gin(J) is strongly stable. 

Remark 2.14. Note that the set J r -i determines the minimal generator T's of 
gin(J) satisfying max(T) < r — 1. Indeed, if i < r — 1 and x" 1 ■ ■ ■ xf^l 1 x°* 1 £ 
(?(gin(I)) with ai > 1, then (at, ■ ■ ■ , a^-t, ai — 1,0, ... ,0) £ Z^q 1 belongs to J r -\. 
Hence if we set g%[at, ■ ■ ■ , ctj_i) := max{/J | (at, ■ ■ ■ , oj,-i,/3, 0, . . . , 0) € J r -i} + 1, 
then gi(a\, . . . , Oj_i) = a;. This shows that the assertion follows. 

The following example will help to understand above remarks. 

Example 2.15. Suppose that an homogeneous ideal L of R — k[x, y, z, w] has the 
following the generic initial ideal: 

gin(J) = (x 2 , xy, y 3 , y 2 z, xz 2 , yz 2 , z 3 , xzw 2 , y 2 w 3 ,yzw 3 , z 2 w 3 , xw 5 ,yw 5 , zw 5 , w 7 ). 

Since /i = 2, we have Ji = {0,1}. And / 2 (0) = 3, / 2 (1) = 1 imply that J 2 = 
{(0, 0), (0, 1), (0, 2), (1,0)}. And note that 

J 3 = {(0, 0, 0), (0, 0, 1), (0, 0, 2), (0, 1, 0), (0, 1, 1), (0, 2, 0), (1, 0, 0), (1, 0, 1)}, 

since we have / 3 (0, 0) = 3, / 3 (0, 1) - 2, / 3 (0, 2) - 1, / 3 (1, 0) - 2. 
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3. Equivalent Conditions 

Throughout this section we assume that A = 0* =o A{ = R/I is a standard 
Artinian algebra over a field k, where I is a homogeneous ideal of R = k[x\, . . . , x n ] 
and t — max{i | A{ ^ 0}. 

In Proposition 12.81 an equivalent condition for A to have the weak Lefschetz 
property was given in terms of the graded Betti numbers of gin(J). In this section, 
we give equivalent conditions for A to have the weak Lefschetz property (Proposition 
13. 4|) . the strong Lefschetz property (Theorem 13. 70 . and the strong Stanley property 
(Theorem l3.10|) . respectively, in terms of the minimal system of generators of gin(7). 
Furthermore, as a result of Proposition ^. 41 we show that graded Betti numbers of 
gin(7) can be computed just from the Hilbert function of I (See Corollary 13. 5|l . 

To see the relation between the Hilbert function of I and the minimal generator 
T's of gin(J) with max(T) = n, consider the following lemma and proposition. 
Although these are introduced in the paper [Q, we give full proofs of them because 
we modified a little. 

Lemma 3.1. If T is a nonzero monomial in ((gin(J) : a;^)/(gin(7) : a;^ 1 ))^ for 
d > and i > 1, then Tx % n G Q(gm(I))d+i. 

Proof. Suppose to the contrary that Tx % n is not a minimal generator of gin(J). 
Then Tx l n = uM for some monomials M € gin(J), u G R with deg(u) > 1. Since 
T ^ (gin(/) : x*^ 1 ), x n cannot divide u, i.e. max(w) < n, and so x n divides M. 
But since gin(/) is strongly stable, this implies that 

M 

Tx l ~ x — u — G gin(7), 
which is a contradiction. □ 

Proposition 3.2. Suppose that d > r\(A). IfT\, . . . ,Tt are monomials which form 
a k-basis o/((gin(7) : Xn)/gin(J))d— i, then 

{T lXn , . . .,T t x n } = {Te 5(gin(/)) | max(T) - n,deg(T) = d}. 

In particular, 

H(A, d - 1) - H(A, d) - dim fc ((gin(7) : ar n )/gin(2)) d _i 

' ' ' = «{T E G(gm(I)) I max(T) = n, deg(T) = d}, 

where H(A, d) := dim/; A^ is the Hilbert function of A at degree d. Thus we have 
H(A,d-l) > H(A,d) for any d > r x [A) . 

Proof. Note that if T € ^(gin(J)) is a monomial with deg(T) = d and max(T) = 
n, then T/x n is a nonzero monomial in ((gin(7) : x n ) / gin{I))d-\. Hence, it is 
enough to show that if Ti, . . . , T t are monomials which form a fc-basis of ((gin(7) : 
x„)/gin(J))d-i, then TiX n £ Q(gin(I)) for all i. But this follows from Lemma l3~Tl 
For the second assertion, note that d > r\(A) implies xf l _ 1 G gin(I) by the 
definition of the reduction number r%(A). Since gin(J) is strongly stable, this implies 
that (i?/(gin(7) + x n ))d — 0. From the exact sequence Ij2.3|l . we have 

dim fc ((gin(J) : 2: „)/gin(/)) d _ 1 = H(R/gin(I), d - 1) - H(R/gin(I),d) 

= H(A,d-l) — H(A, d). 

The second equality in l|3.1|l follows from the first assertion. □ 
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Corollary 3.3. Suppose that A = R/I has the weak Lefschetz property. If H(A, d— 
1) > H{A, d), then d > r\{A). In particular, 

ri(A) = min{d | H(A, d - 1) > H(A, d)} - 1. 

Proof. Ud< n(A), then x d n _ x $ gin(I). So R d £ (gin(7) + x n ) d . Since R/gm{I) 
has the weak Lefschetz property, we have (gin(J) : x n ) d _i = (gm{I)) d _i. By the 
exact sequence Q2.3[l . this implies that 

H(A, d-l) = H{A, d) - dim fc (i?/(gin(7) + x n )) d < H(A, d), 

which is a contradiction. The last assertion follows from Proposition 13 . 21 and the 
first assertion. □ 

The following proposition gives us a criterion to check that A = R/I has the 
weak Lefschetz property, if we know the minimal system of generators or the graded 
Betti numbers of gin(I) and the first reduction number r\(A). Remind J n ~i defined 
in (|2~5|l . 

Proposition 3.4. The following statements are equivalent: 

(1) A = R/I has the weak Lefschetz property. 

(2) If T is a minimal generator of gin(J) of degree d with max(T) = n, then 
d > n(R/I) + 1, i.e. 

\ct\ + f n {ot\, ■ ■ ■ ,a„_i) > rx(A) + 1, 

for any (ot\, . . . , a„_i) G J n -l> where a = J2"=i a i- 

(3) /3„_i,„_i+,(gin(/)) = for all j < n(A). 

Proof. (1) =>• (2): If T is a minimal generator of gin(J) of degree d with max(T) = n, 
then T/x n is a nonzero element in ((gin(J) : x n ) / {gvn(I)) d _i. Since A has the weak 
Lefschetz property, (i?/(gin(7) + x n ) d — 0. Hence x d l _ 1 £ gin(7), this implies that 
d>n(A)+l. 

(2) => (1): Suppose that ((gin(7) : x„)/gin(/)) ( j-i ^ 0. Let T be a monomial in 
(gin(7) : x n ) d -i such that T ^ gin(J). Then we have Tx n £ G(gin(I)) d , by Lemma 
13.11 By assumption, we have d > r\(A) + 1. This implies that xf l _ l € gin(7), so 

(R/(gm(I)+x n ))d = 0. 

(2) <^4> (3): It is clear from Eliahou-Kervaire Theorem. □ 

Corollary 3.5. If A = R/I has the weak Lefschetz property, then 

'0 ifd<n(A), 
H(A,d-l)-H(A,d) ifd>n(A). 
(2) For any < i < n - 1 and d > n{A) + 2, 

A, i+d (gin(/)) = 7 (H(A, d - 1) - /f (A d)). 

Proof. The assertions follow from Proposition 13.21 Proposition 13.41 and Eliahou- 
Kervaire Theorem. □ 

Example 3.6. Consider two strongly stable ideals of R — k[xi, X2, £3] defined by 

I = (xl,XlX2, X1X3, x\, Xix\, x\), 



(1) /3„-i,n-i+d(gin(/)) = 
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Since deg(xixs) = 2 < 3 = r%(R/I) + 1, R/I does not have the weak Lefschetz 
property, but R/ J has. 

The following theorem gives an equivalent condition for A = R/I to have the 
strong Lefschetz property in terms of the minimal system of generators of gin(7). 

Theorem 3.7. A = R/I has the strong Lefschetz property if and only if for any 
a = (ai, . . . ,a n -i) G J n -i, 

(!) M + fn(&i, ■ ■ - ,an-i) > ri(A) + I, and 
(2) / n (ai,...,a n _i) > / n (0,...,0,|a| + l) + l, 

where \a\ ~ Y^jZi a j- 

Proof. Suppose that A has the strong Lefschetz property, and (a±, . . . , a n -i) £ 
J n -i- The first assertion follows from Proposition 13.41 For the second assertion, 
note that (0, . . . , 0, \a\) G J n -i by Remark EH (2). Hence if (0, ...,0, |a| + 1) £ 
J„_i, then xl"!^ 1 G gin(7) by the definition of J„_i. So we have / n (0, . . . , 0, \a\ + 
1) = 0, and the second assertion follows from Lemma l2.11l fl). Thus we can assume 
that (0, ...,0, \a\ + 1) G J n -i- For simplicity, let = /„(ai, . . . , a„_i). Then 
%i 1 ■ ■ ■ Xn-~i x n e ^(g m (^))- This shows that x" 1 ■ ■ ■ x" 7 ^ 1 is a nonzero monomial 
in ((gin(7) : x^)/gin(/))| Q |. From the strong Lefschetz property of A, we have 

R\a\+p = (g m (-0 + Xn)\a\+p, and hence xjfil 1 ^ -1 G gin(7). By the definition of 
/„, this implies that / n (0, . . . , 0, \a\ + l) < — 1. 

For the converse, it is enough to show that if ((gin(7) : x z n ) / gin(I)) d ^ 0, then 
Rd+i = (gin(J) + x l n )d+i for all d and i. We will show this by induction on i. By 
Proposition OQJ A has the weak Lefschetz property, i.e. (i?/(gin(7) + x l n )) d +i = 
for all d and i = 1. Suppose that i > 1 and that T ~ x" 1 ■ ■ ■ x""r 1 1 x'^" is a nonzero 
monomial in ((gin(/) : x l n )/gm(I))d- If T is a nonzero monomial in ((gin(/) : 
x*~ 1 )/gin(/)) (i , then R d +i-i = (gin(I) + x^^d+i-i, by induction hypothesis. So 
x d ^ l x l ~ 2 G gin(i), and hence x d ^ l x 1 ~ 1 G gin(7). Since gin(7) is strongly stable, 
this shows that Rd+i = (gin(7) + x l n )d+i- Thus we may assume that T is a nonzero 
monomial in ((gin(7) : 4)/(gin(J) : x^ 1 ))^ Then Tx\ = ■ ■ ■ x^Ti K n+i G 
^(gin(/)) by Lemma 13.11 This implies that (ai, . . . , a„_i) G J n —i by Remark 
l2~T3T ll and 

a n + i = f n (ai, . . . ,a n -i) > f n {0, ■ ■ ■ , 0, d - a n + 1) + 1, 
since d = deg(T) = X^=i a j an d fn satisfies the condition (2). By the definition of 
/„, we have x^Z"" +1 a;"' ,+1_1 G gin(7). Since gin(7) is strongly stable, this shows 
that xf l t\x' t r ^ 1 G gin(J), and hence the assertion follows. □ 

Example 3.8. Consider the following stable monomial ideal of R — k[x, y, z, w] 

I = (x 2 ,xy, y 3 , y 2 z, xz 2 , yz 2 , z 3 , xzw 2 , y 2 w 3 ,yzw 3 , z 2 w 3 , xw 5 ,yw 5 , zw 5 ,w 7 ). 

Every generator T which is divisible by w has degree > 3, and r\{R/I) = 2. 
Furthermore, I satisfies the second condition in Theorem 13.71 Hence R/I has the 
strong Lefschetz property. 

Finally, we will give an equivalent condition for A = R/I to have the strong 
Stanley property in terms of the minimal system of generators of gin(7). To do so, 
note that A = R/I has the strong Stanley property if and only if i?/gin(7) has the 
strong Stanley property with a strong Stanley element x n , as shown in the cases 
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of weak Lefschetz property and strong Lefschetz property (cf. Proposition 12. 7J) . 
Consider the following exact sequence 

((gin(J) : 4- 2i )/gin(/)) i - WMWi {R/m{I))t-i 

-»(fi/(gin(J)+4- 2i ))t-<-^0. 

Then we can see that A = R/I has the strong Stanley property if and only 
if (gin(7) : x t ~ 2% ) l = gin(7)j and R t -i = (gin(J) + a4~ 2l ) t -i, or equivalently 
x l r ^ 1 x t ~ 2% ~ 1 G gin(J)t_i for any i = 0, 1, . . . , [t/2], since gin(7) is strongly stable. 

Lemma 3.9. Suppose that A = R/I = ©* =0 ^ ^ las ^ e s ^ ron 9 Stanley property. 
If (ai, . . . , a„_i) G J„_i, t/ien |a| := S^To 1 a ' - I*/ 2 ]- 

Proof. Since the Hilbert function of A is symmetric, H(A, [t/2]) > H(A, [t/2] + 1). 
By Corollary 13. 31 this implies that ri(A) < [t/2]. Since (ax, . . . , a n _i) G J n -i, we 
have 

|a|</„-i(0,...,0)-l = n(A) < [t/2], 
bv Remark EH (2). □ 

Theorem 3.10. A standard Artinian k-algebra A = R/I = @* =0 Ai has the strong 
Stanley property if and only if for any (ai, . . . , a n -i) G J n ~\, 

(3.2) /n(ai,...,a„_i) = i - 2|a| + 1, 

w/iere |a| = X^i 1 a «- 

Proof. Suppose that j4 has the strong Stanley property. Let (at, . . . , a n —i) G 
J„_i. Then \a\ < [t/2] by Lemma 13.91 Hence we have (gin(7) : x l n 2 '"')|q| = 
gin(/)| Q |. If /n(ai,...,a„_i) < t - 2\a\, then x" 1 ■ • ■ x"l i 1 ^" 2 '" 1 G gin(7). So 

x i 1 ' ' ' x °n-\ e (§ m (-0 : x ^ 2 ^)\a\ = g m (-0|a|- But this contradicts that J n -i 
contains (ai, . . . , a„_i). Thus we have 

/„(«!,..., a n _i) > t-2|a|. (1) 

On the other hand, note that x^ixli 2 ' Q ' +1 g gin(7) because Rt~\ a \+i = (g m (7) + 
£n +2 )t_i a i+i. This shows that /„(0, ... ,0, |a|) < t — 2|a| + 1, by the definition 
of f n . Since gin(7) is strongly stable, we have 

/„(«!,..., a n _i)</ n (0,...,0,|a|)<t-2H + l. (2) 

The assertion follows from (1) and (2). 

Conversely, suppose that the equation in 1)3. 2(1 holds. We need to show that 
(gin(7) : x l - 2 % = gin(7)i and x^x*-*- 1 G gin(7) t _ i for all < i < [t/2]. 

First we will show that (gin(7) : x 1 ' 21 ), = gm(7); for all < i < [t/2]. Sup- 
pose x" 1 ■ ■ ■ x°Z i 1 ^"'" G (gin(7) : x l ~ 2l )i, where \a\ = Yl'jZi a j < Then 

^l 1 ' ' ' ^n-i 1 ^" 1 ^ g m (-0- Now if (ai, . . . , a n -i) is an element of J n -i, then 
fn(&i, . . . , a n — i) = t — 2|a| + 1 by the assumption. Hence we have 

t - 2\a\ + 1 = /„(ai, . . . , a n -x) < t - \a\ - i, 

by the definition of /„. But this contradicts that \a[ < i. So (ai, . . . , a n -i) ^ Jn-i- 
By definition of J n -i, this implies that either ai > f\ or there exists v such that 
1 < v < n — 1, (oti, . . . , Q!i/-i) G Jv-i and f v (ai, . . . , ov-i) < ov. In any case 
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x i 1 • ' ' l 1 e g in (-0, so x i 1 ■ ■ ■ x"-i%n € gm(I), and hence (gin(7) : x* 2l ); = 
gin(J);. 

Finally, to show that x^S-yx!^ 2 * -1 6 gin(7) t _j, we may assume that i+1 < ri(A), 
otherwise x^_i S gin(I) by the definition of r%{A), hence the assertion is achieved. 
Since i + 1 < r x {A) = /„_i(0, ...,0)-l, the element (0, . . . , 0, i + € Z^ 1 belongs 
to J n _i. By the assumption, we have / n (0, . . . , 0,i + l) = t — 2(i + l) + l = t — 2i — 1, 
and hence x^^x 1 ' 21 ^ 1 £ gin(/) t _i. □ 

Corollary 3.11. If A has the strong Stanley property, then 

{ X n-1^ i X n-l X n ^ ^ + 1 ■ • • > X n-l X n + > • • • > x n— l x n i X rt } ^ ^(gin(J)). 

Proof. x r ^lf +1 £ S(gin(J)) is clear. By Proposition EEI 4_i^" (0, -' M G 
0(gin(J)) for all < i < Since A has the strong Stanley property, 

/ n (0,...,(M)=i-2* + l, 

by Theorem 13. 1UI and hence the assertion follows. □ 

Example 3.12. Let I and J be the monomial ideal of R — k[x, y, z, w] defined by 

I = (x 2 ,xy, y 3 , y 2 z, xz 2 , yz 2 , z 3 , xzw 2 , y 2 w 3 ,yzw 3 , z 2 w 3 , xw 5 ,yw 5 , zw 5 ,w 7 ), 

J = (x 2 , xy, y 3 , y 2 z, xz 2 , yz 2 , z 3 , xzw 3 , y 2 w 3 , yzw 3 , z 2 w 3 , xw 5 ,yw 5 , zw 5 , w 7 ). 

As shown in Example 13.81 the Artinian ring R/I satisfies the strong Lefschetz 
property. But since max{i | (R/I)i ^ 0} = 6 and / 4 (1, 0, 1) = 2 < 6 - 2 X 2 + 1 = 3, 
doesn't have the strong Stanley property. But we can see that R/J satisfies the 
condition in Theorem 13 . 1 Ul bv just reading the w-degrees of the minimal generators 
of J. Hence R/J has the strong Stanley property. 



4. Uniquely Determined Minimal Generators of Generic initial ideals 

We showed that if a standard Artinian fc-algebra A — R/I of codimension n has 
the weak Lefschetz property, then graded Betti numbers of gin(7) are determined 
just by the Hilbert function of I in Corollary 13.51 But, if we restrict ourselves to 
the case of codimension 3, then we can say much more: Throughout this section, 
we assume that R = k[xi,X2,Xs] is a polynomial ring over a field k and I is a 
homogeneous Artinian ideal of R. Let A = R/I = (J) i=0 Ai, where t = max{z | Ai ^ 
0}. 

In this section, we show that if R/I has the weak Lefschetz property, then the 
minimal generator T"s of gin(7) with max(T) < 2 are uniquely determined by 
the graded Betti numbers of R/I ( Proposition 14. 5fl . Together with Corollary 13. 51 
this implies that every graded Betti numbers of gin(7) can be computed from the 
graded Betti numbers of I. And if R/I has the strong Lefschetz property, then we 
show that the minimal system of generators of gin(J) is uniquely determined by 
the graded Betti numbers of R/I (Proposition 14. 6fl . At last we show that if R/I 
has the strong Stanley property, then the minimal system of generators of gin(7) 
is uniquely determined by the Hilbert function of R/I fProposition l4.8jl . To do so, 
we use the following theorem proved by Green. 
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(1) A),i(gm(I)) = 



Theorem 4.1 (Cancellation Principle). [2] For any homogeneous ideal J in the 
polynomial ring S = k[xi, . . . , x n ] and any i and d, there is a complex of k-modules 
such that 

y/ = Torf(in(J),£Od, 
Hi(V. d )^ToTf(J,k) d . 

This theorem means we can obtain the minimal free resolution of J from the 
minimal free resolution of gin( J) by deleting some adjacent summands of the same 
degree. Using this theorem, we get the following lemma. 

Lemma 4.2. Suppose that A = R/I has the weak Lefschetz property. If a — 
mm{d | /?o,d(-0 7^ 0}? then we have 

/3i, Q+ i(gin(7)) - / 9 2 , 0+2 (gin(7)) + 1 if i = a, 
^/3 M+ i(gin(7)) - /3 2 ,.i+2 (gin(-O) */ i ^ a. 

(2) For any i<n(A)+l, 

/? M+1 (gin(J)) =^ ,i+i(gm(J))+/3i,i+i(I)-^o,i+i(/). 

Proof. First we will show that the equality in (2) holds. By Theorem 14.11 for each 
i, there exist Sj, G Z>o such that 

(3 , l+1 (gm(I))-t t = f3 , l+1 (F), 
/3i, i+ i(gin(/)) - t f - Si = /3i,i + i(7), 
/3 2 , i+ i(gin(I))- Si = ^ 2 , i+1 (J). 

By Proposition EH if i < ri(A) + 1, then /?2,i+i(gin(I)) = 0, and so s; = 0. This 
implies that ft, j+ i(gin(/)) - U = f3x,i+i{I), and /3 ,i+i(gin(/)) - t» = /3 ,i+i(i"). 
Hence the equality follows. 

By Eliahou-Kervaire Theorem, we have 



/? M+1 (gin(/)) - 



E 

TGg( S in(I))i 
max(T)=2 

E 

Tee(gin(/))i 
max(T)=l 



2 - 1 
1 



E 



TeSfeint/)), 
max(T)=3 



3-1 
1 



TG5(gin(/)) i 
max(T)=2 



E 



i 



E 



T€0(gin(/)) 4 
max(T)=3 

1 



Tee(gin(/)) i 
max(T)=3 

= (X (gm(J)) 
\^ ,i(gin(/)) - 

and hence the equality in (1) follows. 



TeS(gin(/)) I 
max(T)=l 

- #2,0+2 (gm(I)) - 1 if i = a, 
■ fh.i+2 (gin(/)) ifi^a, 



□ 



Corollary 4.3. If A = R/I has the weak Lefschetz property, then the graded Betti 
numbers o/gin(7) are completely determined by the graded Betti numbers of I . In 
particular, if J is a homogeneous ideal of R such that R/J has the weak Lefschetz 
property and = Pi,j(J) for all then # ) j(gin(Z)) = f3ij(gm(J)) for all 
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Proof. The graded Betti numbers of I determine the Hilbert function of A = R/I. 
Since A = R/I has the weak Lefschetz property, r\(A) is obtained by Corollary 
13.31 And the graded Betti numbers /32,2+s(gin(/)), for any s, and (3i y i+j(gm(I)), for 
i ~ 0,1 and j > ri(A) + 2, are determined by the Hilbert function of R/I, as shown 
in Corollary 13. 51 

Hence it is enough to show that /3o,j(gin(-0) and /?ij+i(gin(/)) are determined 
by the graded Betti numbers of / for j < ri(A) + 1. Since (3 0ri ^ +2 (gm(I)) 
is already known, p lri ^ +2 (gm(I)) is determined by Lemma 14.21 (2), and also 
/?o,ri(A)+i(g m (-0) is determined bv Lemma l4.2l fl). Inductively, if we know the value 
of /3o,i+i(gin(/)) for i < ri(A), then (3i, i+1 (gm(I)) and /3o,i(gin(/)) are determined 
by Lemma f4. 21 (2) and (1), respectively. Hence the assertion follows. □ 

Now we will show that if A = R/I has the weak Lefschetz property, then the 
minimal generator T of gin(/) with max(T) < 2 is determined by the graded Betti 
numbers of /. We need the following easy lemma. 

Lemma 4.4. Let ai,...,a n be a non- decreasing sequence of integers. Let (3d '■= 
t){i | a,i — d} for each d € Z. // (3d is given for all d, then the integers a\, . . . , a n 
are determined by (3d- d 

Proposition 4.5. Suppose that I,J are homogeneous Artinian ideals of R having 
the same graded Betti numbers. If R/I and R/ J have the weak Lefschetz prop- 
erty, then {T £ 0(gin(Z)) | max(T) < 2} = {T e 0(gin(J)) | max(T) < 2}. In 
particular, gm(I)d = gin(J)d for any d < ri(A). 

Proof. By Corollary 14. 31 we have to show that the minimal generator T's of gin(7) 
with max(T) < 2 are determined by the graded Betti numbers of gin(7). At first 
note that the minimal generator T's of gin(J) such that max(T) < 2 are of the 
forms; 

r o r a-l Ma-1) a-2 Ma-2) -^AW T A(0) 

A l! x l J '2 i^l J '2 ,...,^1^2 5 2 ! 

where a := min{? | Po^(I) ^ 0}. So it is enough to show that each /2(i) is deter- 
mined by the graded Betti numbers of gin(7). Since gin(J) is strongly stable, 

a < a-l + f 2 (a-l) < a-2 + f 2 (a-2) < ■■■ 

< 1 + / 2 (1) < / 2 (0) =r 1 (A) + l. 

And note that for i < r\{A), /3 0ji (gin(/)) is the number of minimal generator T's 
of gin(7) such that max(T) < 2 and deg(T) = i, by Proposition 13.41 This implies 
that /3 ,i(gin(/)) = [t{j | j + f 2 {j) — i}- Using Lemma l4~4l we can see that f 2 is 
determined by /3o,i(gm(/)). 

And the last assertion follows by Proposition OQ] □ 

If R/I has the strong Lefschetz property, then we will show that the minimal 
system of generators of gin(J) is determined by the graded Betti numbers of /. 
Remind that determining the minimal system of generators of gin(7) is equivalent 
to computing /i, f 2 , and fs defined as in (|2.4|l . From Proposition 14. 51 we already 
know that f±, f 2 are determined by the graded Betti numbers of /. Hence it is 
enough to show that fs is also determined by those of I in the case that A = R/I 
has the strong Lefschetz property. Now 

< ai < fi = a, 
< a 2 < f 2 {ai) 



(4.1) J2=<(ai,a 2 ) 
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where fi=a and /2 is as shown in the proof of Proposition 231 Partition J 2 into 
the sets J[t] defined by 

J[t] := {(ai, a 2 ) G J 2 I «i + «2 = 0; 

for < t < ri(A). Note that J 2 = U^i-o J[t], and the minimal generator of gin(i) 
corresponding to the element (ax, 0:2) G J[t] , 11 , whose degree is 

a 1 + a 2 + /3(ai, a 2 ) = * + h(oi,a 2 )- We will say that a 1 + a 2 + /3(ai, a 2 ) is the 
degree of (ai, a2). 

Proposition 4.6. If R/I has the strong Lefschetz property, then the minimal sys- 
tem of generators of gin(7) is determined by the graded Betti numbers of I . In 
particular, if J is a homogeneous ideal of R such that /3%,j(J) — Pi,j(I) for all 
and if R/J has the strong Lefschetz property, then gin(7) = gin(J). 

Proof. Let (ai,a 2 ), (Pi, fa) G J[t\. If ai < (h, then 

f 3(011,02) > f 3(^1, fa), 

by Remark l2.13l (3), and hence 

ai + a 2 + h(ai,a 2 ) =t + f 3 (oi, a 2 ) 

>t + f z (fa,fa) 

= fa+fa + fs(fa,fa)- 

This shows that, for each t, we have a nondecreasing sequence {o,t,i} of degrees of 
elements in J[t]: Indeed, suppose that J[t] = {(ai,i, 01,2), • (oj t ,i, Oj tl 2)} and 
Oj,i > Oj+1,1. If we set atj = t + f 3(0.^1, 0^2), then we have 

a>t,i < «t, 2 < • • • < a tj |j[ t ]|, 

where \ J[t]\ is the number of elements in J[t]. Note that atjjmi = t + /3(C), t), 
as shown in the above. And since A = R/I has the strong Lefschetz property, 
(01,0:2) G J[t] implies that 

/3(0,i+l) + l</ 3 (ai,c*2), 

and hence 

t + l + f 3 (0,t+l) <t + f 3 ( ai ,a 2 ), 

by Theorem 13.71 This shows that dt+ij j[t+i}\ < a t,i for any < t < r±(A) — 1. 
Thus we have a non-decreasing sequence of degrees of the elements in the whole set 

Ori(A),l < a n(A),2 < • ■ ■ < a, ri (A),\J[ ri (A)]\ < Ori(A)-l,l < ■■■ < a l,|J[l]| < a 0,l- 

Since /32,2+d(gin(/)) is the number of the minimal generator T's of gin(7) such that 
deg(T) = d and max(T) = 3, i.e., 

#2,2+d(gin(-0) = tt{(ai, Q 2 ) G J 2 «i + a 2 + f 3 (ai, a 2 ) = d} 

= tJ{(*ii) I at,j = d}, 

ciij is uniquely determined by /32,2+d(ghi(/)), by Lemma 14.41 so we are done. □ 

Until now, we show that if A = R/I is a standard Artinian graded fc-algebra of 
codimension 3 which has the strong Lefschetz property, then the minimal system 
of generators of gin(7) is determined by the graded Betti numbers of /. But if 
A has the strong Stanley property, then we will show that the minimal system of 
generators of gin(i) is determined by the Hilbert function of A. 
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For any (0:1,0:2), (fli,/h) € Z> , we say that ((3i>fh) < (01,02) if xf 1 x% < 
x^x^ 2 with respect to the reverse lexicographic order. We will use this order in 
the following lemma and proposition. And we say that a monomial T\ 
obtained from a monomial T2 = x^x^ 2 by elementary Borel move if T\ — Xi^-. In 
that case, we also say that (01,0:2) is obtained from (/3i , /3 2 ) by elementary Borel 
move. 

Set |o| :— «i +02. Note that if |o| = |/?| and (/3i, /?2) < (01,02), then x^x^ 2 is 
obtained from x^x^ 2 by consecutive elementary Borel move. 

Lemma 4.7. Suppose that minimal generators o/gin(J) for 

some (01,02) G Z> . Then x^x^xj is also a minimal generators of gin(J), for 
any (0i,@2) < (oi,o 2 ) with |/3| = |o|. 

Proof. Set T Q := x^x^xj, and := a^xf 2 :^. By induction, it is enough to 
show that if (0:1,02) is obtained from (^1,^2) by elementary Borel move, then 
Tp G Q(g\n(I)). Note that, in that case, (01,02) = (Pi + l,/3 2 — 1). Since x^xj G 
Q(gin(I)) and gin(J) is strongly stable, Tp £ gin(7). So it is enough to show that Tp 
is a minimal generator. If not, there exists (Si, 82,8) S Z> such that 6 < 7, (5; < Pi 

for any Z = 1,2, and la := x^x^x^ G gin(J). If <5 2 < P2, then o 2 = #2 - 1 > <5 2 , 
hence divides T Q , this contradicts that T a is a minimal generator of gin(J). Thus 
we have 62 = /?2- But, in this case, T' s = xi^f- G gin(-0 divides T a , a contradiction. 
This shows that Tp G £(gin(/)). " □ 

Proposition 4.8. If A = R/I has the strong Stanley property, then the minimal 
system generators o/gin(i) is determined by the Hilbert function of I . In particular, 
if J is a homogeneous ideal of R with H(R/I,d) — H(R/J,d) for all d, and if R/J 
has the strong Stanley property, then gin(7) = gin(J). 

Proof. Let t — max{z | Ai ^ 0}. Since A has the strong Stanley property, A has 
also the weak Lefschetz property. From Corollary 13 . 31 and Corollarv l3.5l ri(A) and 
/32,2+d(gin(-f)) are given by the Hilbert function of R/I. 

For < d < ri(A), let B d := {(oi,o 2 ) G Z| | o x + o 2 = d}, and let J[d] be 
the set consisting of the smallest /3 2 ,2+(t-d+i) (gi n (-0) elements in the set Bd with 
respect to the order we defined. We will show that J2 is the disjoint union of J[d], 
< d < ri(A). Since disjointness is clear by the definition of J[d], it is enough to 
show that J2 is the union of the sets J[d]. 

Let (oi,o 2 ) € J 2 . Thenx" 1 ^ 2 ^" 1 '" 2 ' G £r(gin(J)), by RemarkEISl ( 1 ) . Since 
A has the strong Stanley property, 

/ 3 (ai,a 2 ) = t- 2\a\ + 1, 

where |a| — ai + 02, by Theorem 13.101 Note that the degree of 
is t — \a\ + 1 and |o| < n(A). Otherwise, X X 2 X 2 cannot be a minimal 

generator of gin(i), since x^ 1 ^^ 1 G gin(/) and gin(J) is strongly stable. Hence 
x 2 Q 'x3 _2 ' Q ' +1 G Q(gm(I)), by Corollary 13.111 Suppose that (01,02) is the Z-th 
smallest element of B\ a \ . By Lemma l4~7l there are at least I minimal generator T's of 
gin(7) such that max(T) = 3 and deg(T) = t— |o| + l. So I < /3 2 ,2+(i-H+i)(§ m (-0)> 
and hence (01,02) G J[|o|]. This shows that J2d=o ^ tt^M > tt^2- And 
P2 = »{T G S(gin(J) I max(T) = 3} 
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t+l rx(A) 
i=0 d=0 

by Remark r2.13l (1). Hence J 2 is the disjoint union of the sets J[d\, < d < r\(A). 
The assertion follows by Remark 12.141 □ 

Corollary 4.9. Suppose that A = R/I has the strong Stanley property. If J is a 
homogeneous ideal of R having the same Hilbert function with I , and if R/ J has 
the weak Lefschetz property, then R/ J has the strong Stanley property if and only 
if 

{a?2 j x 2 x 3, 1 ■ ■ ■ ' X 2 X 3, ) • • • J X 2 X 3 ; ^3 } ^ § m (°0? 

where t = max{z \Ai ^ 0}. 

Proof. (->) It follows from Proposition 14.81 and Corollary 13. Ill 

(4=) Note that every element of the left-hand side is a minimal generator of 
gin(I) , as shown in the proof of Proposition 14.81 Because the other minimal gen- 
erator T's of gin(J) with max(T) = 3 are obtained from x l 2 x t ^~ 2l+1 by consecutive 
elementary Borel move for some < i < r\(A), we have {T £ (?(gin(I)) | max(T) = 
3} C gin(J). Since H(R/I,d) = H(R/J,d), dim fc gin(7) d = dim fc gin(J) d for all d. 
This shows that {T e 5(gin(7)) | max(T) = 3} = {T E g(gi n(J)) | max(T) = 3}, 
by Proposition ^. 41 Hence the assertion follows from Remark 12.141 □ 

Proposition ^. Gl and Proposition ^. 8l do not work if A = R/I is a standard graded 
Artinian fc-algebra of codimension > 4, as shown in the following example. 

Example 4.10. Consider two strongly stable ideals of R = k[x, y, z, w] defined as 

T / 2 2 4 3 3 2 3 5 "57 

I = [x ,xy ,y , y z,xyz ,y z ,xz , yz ,z , 

fi 4 3 4 3 5 3 25225 35 3545 

z w, xz w ,yz w , z w ,xyz w ,y z w ,xz w ,yz w , z w , 

37 727 27 27 3 7 929 9 929 

y w ,xyzw ,y zw ,xz w ,yz w , z w ,xyw ,y w ,xzw ,yzw , z w , 
xw , yw , zw 11 , w ), 
I' = {x 2 ,xy 2 , y A , xyz 2 , y 3 z 2 , xz A , y 2 z i , yz 5 , z 7 , 

6 2 3 3 43533 5225 35 3545 

z w,y z w ,yz w ,z w ,y zw ,y z w ,xz w ,yz w , z w , 

37 727 27 27 3 7 929 9 929 

y w , xyzw ,y zw ,xz w ,yz w , z w , xyw ,y w ,xzw ,yzw , z w , 

xw 11 , yw 11 , zw 11 , w ). 

Note that I and I' have the same graded Betti numbers. And for any (a\, a 2l a^) € 
J3, fi{d\, a.2, a 3 ) — t — 2|a| + l, where t — max{z | (R/I)i ^ 0} = max{i | (R/I')i ^ 
0} = 12. Hence they have the strong Stanley property. 
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